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Abstract 

We consider generalized metric spaces taking distances in an arbitrary ordered commuta¬ 
tive monoid, and investigate when a class K, of finite generalized metric spaces satisfies the 
Hrushovski extension property: for any A G K. there is some B d K. such that A is a subspace 
of B and any partial isometry of A extends to a total isometry of B. Our main result is the 
Hrushovski property for the class of finite generalized metric spaces over a semi-archimedean 
monoid TZ. When TZ is also countable, this can be used to show that the isometry group of 
the Urysohn space over TZ has ample generics. Finally, we prove the Hrushovski property for 
classes of integer distance metric spaces omitting triangles of uniformly bounded odd perimeter. 
As a corollary, given odd n > 3, we obtain ample generics for the automorphism group of the 
universal, existentially closed graph omitting cycles of odd length bounded by n. 


1 Introduction and Summary of Results 

A well-known result of Hrushovski [7] from 1992 says that, given a finite graph Fi, there is a 
finite graph T 2 such that Fi is a subgraph of F 2 and any partial automorphism of Fi extends to a 
total automorphism of F 2 . Since then, several authors have investigated the occurrence of similar 
behavior in other classes of finite strnctnres. For example, Herwig mM) proves analogous results 
for the classes of hnite Kn-fiee graphs; and Solecki m proves analogous results for the class of 
finite metric spaces. 

In [6], Hodges, Hodkinson, Lascar, and Shelah use Hrushovki’s original result, along with an 
analysis of generic antomorphisms, to prove that the automorphism group of the countable random 
graph has the small index property. In [8] , Kechris and Rosendal generalize this resnlt snbstantially 
by determining conditions on a Praisse class /C, which characterize when the Frai’sse limit Af of /C 
has “ample” generic automorphisms. They then show that this implies the small index property 
for the automorphism group of Ai. Translated to a general Frai'sse class fC, Hrushovski’s extension 
property for partial antomorphisms can make considerable progress toward showing that K, satisfies 
the conditions in Kechris and Rosendal’s characterization. 

In this paper, we consider classes of generalized metric spaces, which take distances in arbitrary 
ordered commntative monoids, called distance monoids (Definition 11.11) . This is a very robust 
setting, which natnrally encompasses many of the previous examples, and also provides a convenient 
framework for obtaining new results. In particular, we investigate natural algebraic properties of 
a distance monoid TZ, which imply that the class of hnite metric spaces over TZ has the Hrushovski 
property. As a starting point, we generalize Solecki’s work in [H] to show the Hrushovski property 
in the case that TZ is archimedean. This provides the base case for proving the same result when 
TZ is semi-archimedean fPehnition 11.9j) . which is much less restrictive and includes, for example. 
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ultrametric spaces as a special case. Altogether we conclude that, when TZ is countable and semi- 
archimedean, the isometry group of the Urysohn space over TZ has ample generics. Finally, we 
extend our results to classes of generalized metric spaces omitting some fixed class of subspaces. 
This will yield the Hrushovski property for certain classes of metric spaces omitting triangles of 
odd perimeter. Using this, we obtain ample generics for the automorphism group of the universal, 
existentially closed graph omitting cycles of uniformly bounded odd length. 

Some portions of the main proofs work with £-structures, where £ is a first-order relational 
language. Therefore, we recall that a relational language C consists of a set {Ri : i G /} of symbols 
together with a sequence of positive integers {ui ■. i ^ I). An C-structure is a set M together with an 
interpretation of the symbols in £, i.e., a subset Rf^ C M""* for each R^. We then write M \= Ri{a) 
if a G Rf^ ■ Two £-structures M and N are isomorphic if there is a bijection / : M — N such 
that for all Ri and a G M”b Af |= Ri{a) if and only if |= Ri{f{a)). By convention, we assume 
all classes of structures are closed under isomorphism. 

A natural example of a relational structure is a graph, in which the langnage contains a single 
binary relation symbol interpreted as the edge relation. Our focus is on metric spaces, which we 
often consider as complete graphs with edges labeled by nonzero distances. In this way, metric 
spaces can be viewed as relational structures in a language containing a binary relation for each 
nonzero distance. 

We begin by defining a reasonable generalization of the notion of a metric space, in which 
distances between points can come from arbitrary ordered additive structures. 

Definition 1.1. 


1. A structure TZ = {R, ©, <, 0) is a distance monoid if 

(i) (R, <,0) is a linear order with least element 0; 

(ii) {R, ©, 0) is a commutative monoid with identity 0; 

{in) for all r, s,t,u € R, ii r < s and t < u then r (B t < s (B u. 

2. Suppose TZ = {R, ©, <, 0) is a distance monoid. Given a set A and a fnnction d : Ax A — R, 

we call {A, d) an 7^-metric space if 

{i) for all a,b £ A, d{a, b) = 0 ii and only if a = 6; 

(ii) for all a,b G A, d{a, b) = d{b, a); 

{in) for all a,b,c £ A, d{a, c) < d{a, b) © d{b, c). 

3. Given a distance monoid TZ, we let ICti denote the class of finite 7?.-metric spaces. 

If 7^ is a countable distance monoid, then JCn is a conntable class modulo isometry. In this case, 
it straightforward to verify that IC-ji is a Fraisse class. Indeed, the only nontrivial property to verify 
is the amalgamation property, and this can be seen using the natural notion of free amalgamation 
of 7^-metric spaces. In particular, given finite 7^-metric spaces A = {A, dA) and B = {B, ds), with 
ATiB 7 ^ 0, we define the free amalgamation of A and B, denoted A® B, to be the 7^-metric space 
C = (C, dc), where C = AU B and, for all x,y £ C, 


dc{x,y) 


dA{x,y) iix,y£A 

< dB{x,y) ii x,y £ B 

^m.m;,(zAnB{dA{x,z) <B'dB{z,y)) if x G A\B and y £ B\A. 
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Definition 1.2. Given a countable distance monoid IZ, define the 7^-Urysohn space, denoted 
Uti, to be the countable Frai'sse limit of IC-ji- 

By standard results in classical Frai’sse theory, we have the following fact. 

Fact 1.3. Suppose TZ is a countable distance monoid. Then lA-ji is a countable, ultrahomogeneous 
TZ-metric space, which is universal for the class IC-ji of finite TZ-metric spaces. Moreover, U-ji is the 
unique such TZ-metric space (up to isometry). 

Example 1.4. 

1. Classical metric spaces are generalized metric spaces over the standard distance monoid 

= (M-^,+,<,0). A countable example is obtained by restricting to the submonoid 
Q-° = of rational numbers, which yields the rational Urysohn space ITq>o. 

The completion of Wq>o is known as the Urysohn space, and is the unique separable ultraho¬ 
mogeneous metric space, which is universal for the class of separable metric spaces. 

2. Ultrametric spaces are generalized metric spaces over the distance monoid (M-®, max, <, 0). 
In general, if {R,<,0) is a linear order with least element 0, then TZ = (i?, max, <,0) is a 
distance monoid and, when R is countable, we have the associated ultrametric Urysohn space 
Utz. Any distance monoid arising in this way is called ultrametric. 

3. We will often focus on metric spaces taking only integer distances. Therefore, given an integer 

n > 0 , we define the distance monoid TZn = ({ 0 , 1 ,... , n}, 0 ), where is addition 
truncated at n. We also define Af = (N, <, 0). 

4. The previous example is a special case of the following. Fix a subset S C M-^, which contains 
0 and is closed under the binary operation r +s s = sup{a; € (S' : x < r -|- s}. When +s is 
associative, we have a distance monoid S = (S',-I- 5 , <, 0). Associativity of -I -5 is equivalent 
to what is known as the four-values condition for S, which essentially describes the ability 
to amalgamate metric spaces with distances in S. This condition was defined by Delhomme, 
Laflamme, Pouzet, and Sauer in [2], where the authors study metric spaces with restricted 
(real) distances. See also Appendix A of [12], in which Nguyen Van The classifies all subsets 
5 C N, which satisfy the four-values condition and have at most four nonzero elements. 

In particular, part (3) of the previous example provides a convenient setting in which to work 
with the natural metrics on graphs. 

Definition 1.5. Suppose (F,!!!) is a graph. 

1. If (F, E) is connected, then we define the path-metric, d ; F x F —)• N, by setting d{x, y) to 
be the number of edges in the shortest path from x to y. In this case, (F, d) is an A^-metric 
space. If (F, d) has bounded diameter then it is an 7?.„-metric space for large enough n. 

2. Given n > 0, we define the path-metric truncated at n, d : F x F —)• (0,1,... ,re}, by 
setting d{x, y) to be the minimum of n and the number of edges in the shortest path from 
X to y (if one exists). Then (F,d) is an 7^„-metric space. When n = 2, we also refer to this 
metric as the edge-metric on {T,E). 

Our interest lies in questions around extending partial isometries of generalized metric spaces, 
and the resulting consequences for the isometry groups of universal generalized metric spaces (e.g. 
Un for a distance monoid TZ). We begin this investigation with the basic definitions. 
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Definition 1.6. Fix a distance monoid TZ. 


1. Given an 7^- metric space A, a partial isometry of A is an isometry ip : Ai —^ A 2 , where 
Ai and A 2 are subspaces of A. 

2 . Suppose /C is a class of 7^-metric spaces and A ^ 1C. Then A has the extension property 
in fC if there is some B £ 1C such that ^4 is a subspace of B and any partial isometry of A 
extends to a total isometry of B. 

3. A class 1C of finite 7^-metric spaces has the Hrushovski property if every element of 1C has 
the extension property in 1C. 

Note that the edge-metric on graphs associates 1Ctz2 with the class of finite graphs, and therefore 
associates Uti 2 with the countable random graph. Viewed this way, Hrushovski’s original result in 
[7] is that ICtz^ has the Hrushovski property. In [H], Solecki shows that lC^>o, the class of all 
finite metric spaces, also has the Hrushovski property. More precisely, it is shown that if (G,+,0) 
is a subgroup of (M,-|-,0), then ICg has the Hrushovski property, where Q is the distance monoid 
{G-^, +, <, 0). As it turns out, the only significant obstacle in extending Solecki’s result to arbitrary 
distance monoids comes from the fact that is archimedean. 

Definition 1.7. A distance monoid 71 = (7?, ©,<,0) is archimedean if, for all r,s £ there 
exists some integer n > 0 such that s < nr. 

Our first result is the following theorem, which is proved in Section [2j 
Theorem 1.8. If 7Z is an archimedean distance monoid then ICn has the Hrushovski property. 

It is worth noting here that, unlike the situation with archimedean groups, it is not the case that 
any archimedean monoid is isomorphic to a submonoid of (even when allowing for submonoids 
truncated at a maximal element). 

The proof of Theorem 1 1.81 is a very straightfoward generalization of Solecki’s work in which 
relies on a deep theorem of Herwig and Lascar [U Theorem 3.2]. The archimedean assumption is 
used exactly once in the proof (specifically. Claim [2T]1 . and is crucial in order to use Herwig and 
Lascar’s result in our more general setting. In particular, their result deals with extending partial 
automorphisms of finite /^-structures, which omit some finite class J- of finite £-structures, where C 
is a finite relational language. A key insight in Solecki’s work is the translation from metric spaces 
to £-structures, with appropriate choice of C and CF. As is evident in the proof of Theorem 11.81 
this translation can be directly generalized, but the assumption that 7Z is archimedean is necessary 
in order to maintain the feature that J- is finite. 

On the other hand, many interesting examples of generalized metric spaces can be obtained using 
non-archimedean monoids. In particular, any ultrametric monoid 7Z = (7?, max, <,0) is severely 
non-archimedean, as every element of R is the sole member of its archimedean class. Therefore, 
we define the following notion of a semi-archimedean distance monoid, which generalizes both 
archimedean and ultrametric. 

Definition 1.9. A distance monoid 71 = (7?, ©, <, 0) is semi-archimedean if, for all r,s£ R^^, 
if nr < s for all n > 0 then r (B s = s. 

In other words, a semi-archimedean distance monoid can have multiple nontrivial archimedean 
classes, but addition between elements of distinct archimedean classes is as trivial as possible. Our 
second main result is the following theorem, which is proved in Section [3l 
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Theorem 1.10. If TZ is a semi-archimedean distance monoid, then fC-ji has the Hrushovski property. 

The proof of this result proceeds by induction, with Theorem 11.81 providing the base case. 
The inductive step consists of an explicit method for extending partial isometries by hand. In some 
sense, the definition of a semi-archimedean distance monoid is formulated to capture the the largest 
class of distance monoids for which such an inductive argument will work. Therefore, the question 
of extending partial isometries of 7^-metric spaces, where 7^ is a general distance monoid, remains 
open and would seem to demand a new method of proof. 

Question 1.11. Let TZ be an arbitrary distance monoid. Does JCn have the Hrushovski property? 

In addition to being a combinatorially interesting property of finite structures, the Hrushovski 
property can also have significant consequences for automorphism groups of countable structures. 
Recall that, if is a countable structure, then G = Aut(Al) is a separable topological group under 
the pointwise convergence topology. Quoting [8], we say G has ample generics if, for all n > 0, the 
conjugation action of G on G” has a comeager orbit. If G has ample generics then any subgroup 
of index less than is open (and therefore has countable index). Using this, it then follows that 
any homomorphism from G to a separable topological group is continuous. See [8] for details. 

In [8], Kechris and Rosendal characterize the existence of ample generics for Aut(A4), in the 
case that M is the Frai'sse limit of a Frai'sse class fC. This characterization is given in terms of 
the joint embedding property and weak amalgamation property, which are defined for the class /C^’” 
consisting of tuples {A, ipi,... ,ipn) where A £ 1C and each (pi is a partial automorphism of A. For 
the class ICq>o of finite metric spaces with rational distances, it is shown in [8l Section 6.2] that the 
Hrushovski property for /Cq>o implies the weak amalgamation property for /C^>o- Together with 
joint embedding for /C^’>o (which is also done in [8]), one obtains Solecki’s result that Isom(ZLQ>o) 
has ample generics. For any distance monoid IZ, the demonstrations of joint embedding for IC^, 
and weak amalgamation for as a consequence of the Hrushovski property for ICn, go through 
exactly is in [8] for the case IZ = Q-®. Altogether, we have the following conclusion. 

Fact 1.12. Suppose IZ is a countable distance monoid and ICn has the Hrushovski property. Then 
lsom{UTi) has ample generics. 

Applying Theorem 11.101 we then have: 

Corollary 1.13. IfIZ is a countable semi-archimedean distance monoid, then\som.{JAn) has ample 
generics. 

We should mention that recent work of Malicki m shows ample generics for the isometry 
groups of Polish ultrametric Urysohn spaces, even in the case of uncountably many distances. On 
the other hand, the isometry group of the complete Urysohn space does not have ample generics 
(although Sabok |13] has shown automatic continuity still holds). 

In the final section of this paper (Section 0]) we extend our investigation of the Hrushovski prop¬ 
erty to classes of generalized metric spaces omitting some fixed class of subspaces. The motivation 
for this pursuit comes from the following well-known examples. 

Example 1.14. 

1. Given an integer n > 3, the class of finite AT^-free graphs is a Frai'sse class. We let Hn denote 
the Frai’sse limit, which is often called a Henson graph. 
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2. Fix an odd integer n > 3. We consider the class of finite graphs omitting cycles of odd 
length bounded by n. By work of Komjath, Mekler, and Pach ([9], [lO]), there is a countable, 
existentially closed graph F^, which omits cycles of odd length bounded by n and is universal 
for /C^. Using existential closure, it is not too difficult to see that F^ has diameter n* := 
with respect to the path-metric. Therefore, we consider F^ as an -metric space, and we 
consider the elements of /CJj as -metric spaces under the path-metric truncated at n*. 
With this interpretation, /C^ is precisely the class of finite J'^^-free 7^„^-metric spaces, where 
is the class of triangles of odd perimeter bounded by n (i.e. 3-point metric spaces with 
integer distances, in which the sum of the three nonzero distances is odd and bounded by n). 

The main theorem of Section [3] will imply the Hrushovski property for the classes of generalized 
metric spaces defined in the previous example. For iF„-free graphs, this result is due to Herwig 
m, m, and there is no substantive difference between viewing these structures as graphs versus 
7 ^2-iiietric spaces. On the other hand, the Hrushovski property for metric spaces omitting triangles 
of odd perimeter has not been previously shown. Moreover, we will use this result to obtain 
ample generics for the automorphism group of the graph V’f. This is interesting because F^ is not 
homogeneous as a graph and, as a class of graphs, K'f is not a Frai'sse class and does not have the 
Hrushovski property. However, considered as a class of T^n^-metric spaces, ICf is a Frai'sse class. 
In particular, if A and B are J^^-free T^n^-metric spaces, then the free amalgamation A iS) B is 
still J^^-free. It is also a somewhat folkloric exercise to show that the Frai'sse limit of ICf (as a 
class of -metric spaces) is isometric to F() (under the path-metric), and so F() is a metrically 
homogeneous graph. Some detail can be found in Cherlin’s catalog [I] of such graphs. 

To obtain the results described above, we will prove a metric space analog of the previously 
mentioned theorem of Herwig and Lascar. In particular, we show that if TZ is an archimedean 
distance monoid, and is a finite class of finite 7^-metric spaces satisfying certain conditions, 
then any finite J^-free 7^-metric space, which has the extension property in the class of all J^-free 
7^-metric spaces, has the extension property in the class of finite J^-free 7^-metric spaces. Provided 
that there is a universal, homogeneous object for the class of finite J^-free 7^-metric spaces (e.g. a 
Frai'sse limit), this will be enough to conclude the Hrushovski property. 

Corollary 1.15. Fix an odd integer n > 3. 

(a) Let n* = . Then the class fCf of TZn^-metric spaces, which omit triangles of odd perimeter 

bounded by n, has the Hrushovski property. 

(b) Let Vf he the countable, universal, existentially closed graph omitting cycles of odd length 
bounded by n. Then Aut(F„) has ample generics. 

Returning to the general picture, this is only partial progress. In particular, the restrictions in 
Section 13] placed on the omitted family T are quite strong. Moreover, we can still only work in the 
context of archimedean distance monoids. 

Question 1.16. Let LZ be an arbitrary distance monoid and let be a finite class of finite 7^-metric 
spaces. Suppose the class K, of J^-free 7^-metric spaces satisfies the amalgamation properties of a 
Frai'sse class (but perhaps is uncountable). Under what conditions can we conclude that /C has the 
Hrushovski property? 

2 Proof of Theorem II.8t The Archimedean Case 

Throughout the proof, we fix an archimedean distance monoid LZ and a finite 7^-metric space 
A = {A, dA)- We want to find a finite 7?.-metric space B = [B, ds) such that A T B, dslAxA = 
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and any partial isometry of A extends to a total isometry of B. After replacing IZ by the submonoid 
of TZ generated by the distances in A, we may assume TZ is countable. 

Following Solecki we set S = {dA{a, b) : a,b G A, a ^ b}, and define the finite first-order 
language £ = {dr{x,y) : r G 5}, where each dr{x,y) is a binary relation. Given an 7^-metric space 
X = {X, dx), we interpret X as an /^-structure, where X \= dr{x, y) if and only if dx{x, y) = r. 

Given /^-structures M and a function / : M —> is a weak homomorphism if, for all r € 5 
and x,y G M, if M |= dr{x,y) then N \= dr{f{x),f{y)). A weak embedding is an injective weak 
homomorphism. We say M weakly embeds in N if there is a weak embedding / ; M — N. Given 
a class J- of /^-structures, and an /^-structure M, we say M is J--free if no element in T weakly 
embeds in M. We say M is homomorphically T-free if there is no weak homomorphism from an 
element of J- to M. 

Define S = {(ro,..., r„) : n > 0, ri G S, ro > n © ... © r^}. 

Claim 2.1. E is finite. 

Proof. Since S is finite, it suffices to fix ro € S' and find an integer k > 0 such that, if ri,..., € S 

and ro > ri ©... ©r,i, then n < k. So fix ro € S and let s = min S. Since TZ is archimedean, there is 
some A; > 0 such that ro < ks. Therefore, if n > A; and ri,..., r,i G S, we have ro < ns < ri©.. .©r„, 
as desired. □ 


Fix a = (ro,..., r„) G S. We define an £-structure = {xq, ..., Xn} satisfying: 

(*) Ba drg^XQ, Xn} ^ dj-Q^Xn, Xq^ 

(a) for all 1 < A < n, Po- ^ drfixi-i,Xi) A drfixi,Xi-i). 

Let T = {Pa : cr G S}. Let /C be the class of homomorphically P-free £-structures. By the triangle 
inequality, X contains any P-metric space (interpreted as an £-structure). Note that any partial 
isometry of an P-metric space can be viewed as a partial £-automorphism. On the other hand, by 
choice of S, any partial £-automorphism of A can be viewed as a partial isometry of A. Therefore, 
by ultrahomogeneity of Un, we have that any partial £-automorphism of A extends to a total 
£-automorphism of lAn G X. This observation allows us to apply a powerful theorem of Herwig and 
Lascar [5l Theorem 3.2], to conclude that there is a finite (homomorphically) P-free £-structure 
C such that any partial £-automorphism of A extends to a total £-automorphism of C. We now 
continue to follow Solecki’s strategy in m to obtain, from C, the desired P-metric space B. 
Define a graph relation E on C such that, given distinct x,y gC, 

E{x,y) C \= dr{x,y) Adr{y,x) for some r G S. 

Note that {A,E) is a complete subgraph of {C,E). Let B C C he the connected component of C 
containing A. Given distinct x,y G B, let A{x,y) denote the set of finite sequences (ri,...,r„) 
of elements of S such that there is a simple path (xq, ... ,Xn) in {B,E) with xq = x, x^ = y, 
and B ^ drfixi-i,Xi) A drfixi,Xi-i) for all 0 < i < n. Then A(x,y) is nonempty since {B,E) is 
connected. We define ds ■ B x B —R such that dB{x,x) = 0 for all x G P and, given distinct 
x,y G B, 

dB{x,y) = min{ri © ... © : (n ,... ,rn) G A{x,y)}. 

It is easy to see that dB is an P-metric on B. Note also that, since B is P-free (as an /^-substructure 
of C), it follows that dsjAxA = c^A- To finish the proof, we fix a partial isometry ip of A, and show 
that ip extends to a total isometry of B. 
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By choice of C, there is an automorphism ip oi C extending tp. Then is a graph automor¬ 
phism of {C,E), and therefore fixes B setwise. In particular, y?* := ip\B is an T-automorphism 
of B extending p). For any distinct x,y a B and any finite sequence (ri,...,rn) from S, we 
have (ri,...,rn) G A{x,y) if and only if (ri,...,r„) G A((/ 3 *(x), (/9*(y)). It then follows that 
dsix^y) = dB{<p*{x), ipt:{y)) for all x,y H B, and so p>^ is an isometry of B extending p. This 
finishes the proof of Theorem 11.81 


3 Proof of Theorem ll.lOt The Semi-Archimedean Case 


Throughout the proof, we fix a semi-archimedean distance monoid 7^, and a finite 7^-metric space 
A = {A,d). We want to find a finite 7^-metric space B such that A E B and any partial isometry 
of A extends to a total isometry of B. Set S = {d{a,b) : a, b € A, a 7 ^ 6 } C R>^. We again 
replace IZ with the submonoid of IZ generated by S. Then TZ is countable with only finitely many 
archimedean classes. 

We proceed by induction on the number n of nontrivial archimedean classes of 7^. If n = 1 
then the result follows from Theorem 1 1.81 For the induction hypothesis, suppose n > 1 and assume 
that, if TZ' is a semi-archimedean distance monoid with n — 1 nontrivial archimedean classes, then 
ICb,' has the Hrushovski property. 

Partition 7? = 7?i U 772 so that R 2 is a single archimedean class and r < s for all r G 77i and 
s G 772 - Then 77i and R 2 are each closed under 0 , and so we may define the distance monoids 
TZi = (77i,©,<,0) and 77-2 = {R 2 U {0},©,<,0). Note that 77-2 is archimedean, and 77i is semi- 
archimedean with n — 1 nontrivial archimedean classes. Let ~ denote the binary relation on A 
given by 

a ~ 6 d(a, 6 ) G 77i. 

Then ~ is an equivalence relation by the triangle inequality and the fact that 77i is an initial 
segment of 77 closed under 0 . Let A = AiU ... U Am be the partition of A into ~-classes. Note 
that, for all 1 < i < m, {Ai,d) is an 77i-metric space. 

Claim 3.1. Given T < i < j < m, there is Sij G R 2 such that d{a,b) = Sij for all a ^ Ai and 
beAj. 

Proof. Fix a, a' G A and b,b' G Aj. Then d{a,b),d{a',b') G R 2 and d{a,a'),d{b,b') G 77i. Since TZ 
is semi-archimedean, it follows that 

d{a, b) < d{a, a') 0 d{a', b') 0 d{h', b) = d{a', b') < d{a', a) 0 d{a, b) 0 d{b, b') = d{a, b). 
Therefore d{a,b) = d{a',b'). □ 


Claim 3.2. We may assume Ai and Aj are isometric for all i,j < m. 

Proof. If S'n77i = 0 then each Ai is a single point and there is nothing to prove. Assume 5n77i 7 ^ 0. 
We will extend A to an 77-metric space A* such that, if ..., Am are the ~-classes of A*, then 
A* and A* are isometric for all z, j < m. Let s = max(S' n 77i). We define an 77i-metric do on A 
such that, given a,b € A, 


do{a,b) 


d{a, b) if a, 6 G Aj for some i, 
s if a G Aj, b G Aj for distinct i, j. 


Note that, for all 1 < z < m, (Aj, d) is a subspace of (A, do). Therefore, we may extend each (Aj, d) 
to an 77i-metric space {A*,d) isometric to {A, do), with A* n A* = 0 for z 7 ^ j. Now set A* = 




U ... U A’!^. Using Claim 3.1, we extend d to an 7^-metric on A* by setting d{a, b) = sij, where 
a ^ A* and b € A* for some i ^ j. Note that (A, d) is a subspace of {A^f^d). Moreover, A\^. .. ^ A^ 
are the ~-equivalence classes of A* and, by construction, each pair of classes is isometric. □ 

By Claim 13.21 we assume Ai and Aj are isometric for all 1 < i,j < m. Using Claim [3NI we 
dehne an 7 ^ 2 -nietric p on [m] := { 1 ,... ,m} such that, given I < i < j < m, p{hj) = p{jA) = Sij. 
By the base case fTheorem ll.81) . there is some m* > m, and an 7 ^ 2 -metric space extension ([m*],/ 9 ) 
of ([m],/o) such that any partial isometry of ([m],/?) extends to a total isometry of {[m*],p). 

Next, by induction, there is an T^i-metric space {Bi,d) such that Ai C Bi and any partial 
isometry of Ai extends to a total isometry of Bi. We may assume i?i D A, = 0 for all 1 < i < m. 
Given 1 < i < m*, we let {Bi,d) be an isometric copy of {Bi,d) such that Bi {~\Bj = % for all 
1 < * < i < w-* and, A i < m, Ai Q Bi. Given z, j G [m*], we let 6ij denote a fixed isometry from 
Bi to Bj. If z,j G [m], then we assume is an isometry from Ai to Aj. 

Set B = Bi U ...Bm,- Extend d (which is defined on each individual Bi) to an 7^-metric 
on all of B by setting d{a,b) = p{i,j) where a a Bi and b G Bj for some i ^ j. To verify the 
triangle inequality, fix a, 6 , c G il. If a, 6 , and c are all in the same Bi, or each in distinct Bi, then 
triangle inequality follows from the fact that {Bi,d) and ([m*],/?) are 7^-metric spaces. So we may 
assume a,b & Bi and c G Bj for some i 7 ^ j. Then d{a,c) = d{b,c) G R 2 and d{a,b) G Ri, and so 
d{a,b) < d{a,c) = d{b,c), which means the triple {d{a,b),d{b,c),d{a,c)) satisfies all permutations 
of the triangle inequality. 

To complete the proof of the theorem, we hx a partial isometry 99 of A, and show Lp extends to 
a total isometry oi B. Let / = {l<i<m: dom((^) n A, 7 ^ 0}. 

Claim 3.3. Given i ^ I, there is a unique i! G [m] such that p{Ai) n Aii 7 ^ 0. 

Proof. First, since dom(<^) D 7 ^ 0 and y? is a partial isometry of A, there is some i' G [m] such 
that p{Ai) n Ail 7 ^ 0. Suppose we have a, 6 G Aj D dom((/ 9 ) such that p{a) G Aj and ip{b) G Ak 

for some j 7 ^ k. Then d{ip{a), ip{b)) G R 2 and d{a,b) G i?i, which contradicts that 99 is a partial 

isometry. □ 

By Claim [331 we define a function / : I — ^ [m] such that f{i) is the unique element of [m] 
satisfying the condition q^{Ai) n ^/(j) 7 ^ 0 . 

Claim 3.4. f is a partial isometry of {[m\,p). 

Proof. Using a similar argument as in the proof of Claim (331 one may show that / is injective. Fix 
distinct i,j G I. We want to show p{i,j) = p{f{i), /(j)). Fix a* G dom((/ 9 )nAj and aj G dom((/ 9 )ny 4 j. 
We have ip{ai) G and ip{aj) G Af(^j'j, which means 

p{f{i)Jij)) = Sf{i),f{j) = d{(p{ai),(p{aj)) = d{ai,aj) = Sij = p{i,j), 


as desired. □ 

We now define the desired extension 99 * of ip. First, given i £ I, let ipi = ip\Ai, and define 
Xi = ° Pi ° Gij. Then Xi is a partial isometry of Ai, and so Xi extends to a total isometry Xi 

of Bi. Set ipi = 01 ,/(i) o Xi o d~ii- Then ipi is a total isometry from Bi to 77/(i), and we claim that ipi 
extends ipi. Indeed, if a G dom((/ 9 j) then 0j\(a) G dom(yj). Therefore, since Xi ° ° Pi 

and Xi extends Xi-, we have 

Pi{a) = 0i,/(i)(Xi(0gi(a))) = 0i,/(i)(Xi(0M(a))) = 0i,/(i)(01j(i)(<i5i(«))) = Pi{a)- 
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Next, by Claim [3^ we may extend / to a total isometry /* of ([m*], p). For i G let 

ipi = Altogether, for any i G [m*], is a total isometry from Bi to Set 


m* 

i=l 

Since /* is a permutation of [m*] and {-Bi,..., is a partition of B, it follows that ; B —)■ B 
is a well-defined bijection. Since (pi extends tpi for all i ^ I, and ip = if follows that (/?* 

extends p. To verify p^ is an isometry, fix a, 6 G B. We may assume a £ Bi and b G Bj for some 
i / j. Then p^{a) G p^{b) G Bjyjy and 

d{a,b) = p{i,j) = p{Mi),f*{j)) = d{p^{a),p:,{b)). 

This completes the proof of Theorem 1 1.101 

4 Metric Spaces with Omitted Subspaces 

In this section, we refine the proof of Theorem 11.81 in order to obtain the Hrushovski property 
for certain classes of generalized metric spaces, which omit some fixed finite class of subspaces. 
Using the notation in the proof of Theorem 11.81 our strategy is to enlarge the class B of finite 
£-structures, used in the application of the Herwig-Lascar theorem, in order to obtain the feature 
that the resulting 7^-metric space B = {B^ds) omits some fixed class of finite 7?.-metric spaces. 
Since we have limited control of the 7^-metric it will be necessary to also omit partially defined 
7?.-metric spaces obtained, in a certain way, from the 7^-metric spaces we wish to omit. The next 
definitions formulate these remarks precisely. 

Definition 4.1. Fix a distance monoid TZ = (B, ©, <, 0). 

1. Given a set X and a partial function <5 : A x X —)■ B, we call (A, 5) a partial 7^-semimetric 
space if it satisfies the following conditions: 

[i) for all a; G A, {x,x) G dom(5) and S(x,x) = 0; 

(a) for all x,y £ X, if (x,y) G dom((5) then (y,x) G dom((5) and 5{x,y) = 5{y,x). 

2. Given a partial 7^-semimetric space (A, d), dehne Im'’'((5) := Im((5)\{0} C 

3. Given an 7^-metric space A = {A,d) and a partial 7^-semimetric space A = (A, (5), we say 
A weakly embeds in A if there is an injective function / : A — A such that, for all 
(x,y) G dom((5), d{f{x),f{y)) = 6{x,y). 

We continue to work with the same notions of weak homomorphism, weak embedding, A-free, 
and homomorphically A-free as established at the beginning of Section [2l 

Definition 4.2. Fix a distance monoid 7Z = {R, ©, <, 0). Suppose A = (A, d) is an A-metric space 
and (A, 6) is a partial A-semimetric space. 

1. (A, (5) is an extension of A if A C A and d{a, b) = 6{a, b) for all (a, b) £ dom((I) n (A x A). 
In this case, we set As := (A x A)\dom((5). 

2. (A, 6) is a path extension of A if it is an extension of A and, for all {x, y) £ As there is a 
sequence = (xq, ..., x„) of elements of A such that the following conditions hold: 
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(^) ^ U \J(^x,y)eAs 

{a) for all {x,y) € As, if TTx,y = (a^o, ■■■,Xn) then xq = x, Xn = y, (xi,Xi+i) G dom((5) for 
all 0 < i < n, and 


5(xo,xi) © d{xi,X 2 ) © ... © d{xn-i,Xn) = d{x,y) 

(we call TTx^y a distance path for {x,y) in (X,5)). 

3. If {X, (5) is an extension of A, and Im'’'((5) C S' C then we say {X, (5) is an extension of 
A over S. 

In order to omit a certain 7^-metric space A using the method of Theorem 11.81 it will be 
necessary to also omit all path extensions of A. Therefore, we must determine conditions under 
which A has only finitely many such extensions. 

Definition 4.3. Let TZ = (i?, ©, <,0) be a distance monoid. An 7^-metric space {A,d) has domi¬ 
nated spectrnm if, for all a,b € A there is some r ^ R such that d{a, b) < r. 

Lemma 4.4. Suppose TZ is an archimedean distance monoid and S C R^^ is finite and nonempty. 
Let A = {A, d) he a finite TZ-metric space with dominated spectrum. Then there are only finitely 
many path extensions of A over S. 

Proof. Since S is finite, it suffices to produce a uniform bound on the size of a path extension 
{X, 6) of A over S. Since A is hnite with dominated spectrum, we may fix some r ^ R such that 
d{a,b) < r for all a,b ^ A. We also set s = mins'. Since TZ is archimedean, there is some k > 0 
such that r < ks. We show that if (X, 5) is a path extension of A over S, then |X| < \A\ + k\A\fi 
To see this, fix a path extension {X, 6) of A over S. Then we may write A = A UIJ^^; y)eAs 
where iix^y is a distance path for {x,y) in (A,5). Since jA^I < |Ap, it suffices to show that, for all 
{x, y) G As, if 'Kx,y = (ico,..., Xn), then n < k. For this, note that 

ns < 5(xo, xi) © ... © 5{xn-i,Xn) = d{x, y) < r < ks. □ 

If A is a class of A-metric spaces, then there is no guarantee that an A-free A-metric space will 
also omit path extensions of the spaces in A. Therefore, we must artihcially impose this condition. 

Definition 4.5. Let A be a distance monoid and A a class of A-metric spaces. Fix S C R^^. 

1. Define A^ = {(A, 5) : (A, 5) is a path extension of some A G A over S}. 

2. A is closed nnder path extensions over S if any A-free A-metric space is homomorphically 
A^-free. 

We now prove the main theorem of this section, the statement of which mirrors the Herwig- 
Lascar theorem [5l Theorem 3.2]. 

Theorem 4.6. Fix an archimedean distance monoid TZ. Suppose T is a finite class of finite TZ- 
metric spaces with dominated spectrum, and A = {A,dA) is a finite T-free TZ-metric space. Suppose 
S C R>^ is finite, with Im^((i^) U Im'''((iy) C S, and assume A is closed under path 

extensions over S. If A has the extension property in the class of F-free TZ-metric spaces, then A 
has the extension property in the class of finite F-free TZ-metric spaces. 
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Proof. The proof closely follows that of Theorem 11.81 Let C = {dr{x,y) : r G S}, where dr{x,y) 
is a binary relation. Then any partial 7^-semimetric space X = {X, 5) can be interpreted as an 
T-structure by X |= dr{x,y) if and only if {x,y) G dom((5) and 6{x,y) = r. Given an T-strncture 
M, x,y £ M, and r G 5, we write M \= d{x, y) = r if M \= dr{x, y) A dr{y, x). 

Next, let To = {Pa '■ cr G S}, where S and are defined as in the proof of Theorem 11.81 
(relative to our larger set S). Recall that Tq is finite (see Claim I2.1jl . By Lemma 14.41 fFg is also 
a finite class of finite T-semimetric spaces, which we consider as finite ^-structures. Note that 
any 7^-metric space is a path extension of itself, and so, by assumption on S, we have T C Xg. 
Altogether, if we set T* = Tq U Xg, then X* is a finite class of finite T-structures, with X C X*. 
As observed in Section [21 any T-metric space is homomorphically To-free, and so, by assumption 
on X, any T-free 7^-metric space is homomorphically T*-free. 

Suppose A has the extension property in the class of T-free T-metric spaces, and so there is an 
T-free 7^-metric space U such that A is a subspace of U and any partial isometry of A extends to 
a total isometry of U. Then, as in the proof of Theorem 11.81 (with U replacing U-ji), we have that 
any partial £-automorphism of A extends to a total T-automorphism of U. By the Herwig-Lascar 
theorem, there is a finite (homomorphically) T*-free T-structure C such that A is a substructure 
of C and any partial T-automorphism of A extends to a total T-automorphism of C. 

We define B <Z C and ds : B x B — )• R exactly as in the proof of Theorem 11.81 By the same 
arguments, {B, ds) is an T-metric space extension of (A, dA) and any partial isometry of A extends 
to a total isometry of B. It remains to show that {B,dB) is T-free. Note first that, since B is 
J-Q-free as an T-structure, it follows that for any distinct a,b £ B there is at most one r £ S such 
that B ^ d{a, b) = r and, in this case, we have dB{a, b) = r. 

Suppose, toward a contradiction, that there is T P B, with {Y, dB) £ P■ Then, for any x,y £Y, 
there is a sequence TT^^y = (xq, • • •, x„) of elements of B such that: 

(i) xq = X and Xn = y, 

{a) for all 0 < i < n, dB{xi, Xi+i) £ S and B \= d{xi,Xi+i) = ^^(xi, Xj+i); 

{in) dB{xo,Xl) © dBixi,X 2 ) © ... © dB{Xn-l,Xn) = dB{x,y)- 

Let X = Y U [J(^ y)^YxY '^^,y — P- Define a partial function 6 ■. X x X — R as follows: 

1. dom((5) = {(xj, Xi+i) : 0 < i < n, (xq, ..., x^) = 7rx,y, (x, y) £Y x T}; 

2. if (x,y) £ Y xY, n^^y = (xo,...,x„), and 0 < i < n, then 5{xi,Xi+i) = 6{xi+i,Xi) = 

dB (Xi, Xj-|_i). 

By construction, {X, 6) is a path extension of Y over S. But this is a contradiction since, as an 
^-structure B is T^-free and {X, 6) weakly embeds in R. □ 

We now apply this theorem to the structures in Example 11.141 For Example 11.141 1). fix n > 
3 and note that, as an T 2 -metric space, has dominated spectrum and has no proper path 
extensions (over {1,2}). Moreover, any finite AT^-free graph has the extension property in the 
class of Kn-free graphs (witnessed by the Henson graph Rn)- Therefore, the class of finite Kn-free 
graphs has the Hrushovski property. Of course, the direct proof of this fact from the Herwig-Lascar 
theorem is much more straightforward; and the translation to T 2 -iiietric spaces is quite convoluted. 
Therefore, the interesting case is Example II. 141 21. 

Lemma 4.7. Fix n > 3 odd, and let n* = Let Xf be the class of triangles of odd perimeter 
bounded by n. Let S = {1,... ,n*}. Then Xff is closed under path extensions over S. 
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Proof. Suppose (X, <5) is a path extension over S of some triangle in If there is a weak homo¬ 
morphism from (X, 5) to an 7^„^-metric space (A,d), then there is a (possibly non-simple) cycle 
{xi,X 2 ... ,Xm,xi) in A, with m>3, such that d{xi,X 2 ) + d{x 2 ,X 3 ) + ... + d{xm-i, Xm) + d{xm, xo) 
is odd and bounded by n. Therefore, it suffices to fix an Jy(-free T^n^-metric space {A,d) and 
a sequence (xi,... ,Xm) of elements of A, with m > 3, and show that, if p := d{xi,X 2 ) -|- • • • -|- 
d{xm-i,Xm) + d{xm,xi) and p < n, then p is even. 

We proceed by induction on m. If m = 3 and (xi, X2, X3) is injective then the claim follows since 
A is Jy(-free. Otherwise, after a cyclic rotation, we may assume xi = X 2 , and so p = 2d{x2,X3), 
which is even. Assume the result for m and fix a sequence {xi ,..., Xm+i) of elements of A. Set 

p = d{xi,X2) -b . . . -b d{Xm-,Xm+l) + d{Xm+l,Xi) 
q = d{xi,X 2 ) -b ... -b d{Xm-l,Xm) 

T — di^Xm ) Xm+l'} “b d(Xm+l; ) • 

Assume p < n. We want to show that p is even. Since d{xm,xi) < r, we have q + d{xm,xi) < 
q + r = p < n. By induction, q + d{xm,xi) is even, and so q and d{xm,xi) have the same parity. 
We also have d{xm,xi) < q, and so d{xi,Xm) + r<q + r = p<n. By the base case, d{xi,Xm) + r 
is even, and so d{xm,xi) and r have the same parity. Altogether, q and r have the same parity, 
and so p = g -b r is even. □ 

We can now prove our desired results. Recall that, given n > 3 odd, Tjj denotes the countable, 
universal and existentially closed graph omitting cycles of odd length bounded by n. Equipped 
with the path metric, Tjj is the Frai’sse limit of the class of finite T^^^-metric spaces. 

Proof of Corollarv \1.15[ Part (a). We apply Theorem 14.61 with TZ = Tin,, TF = Tn, and S = 
{1,... ,n*}. Clearly, Tin, is archimedean and is a finite class of finite -metric spaces. By 
Lemma 14.71 is closed under path extensions over S. Moreover, TJ) witnesses that any finite 
X((-free -metric space has the extension property in the class of X((-free -metric spaces. 
Altogether, we only need to show that each triangle in Tf has dominated spectrum. For, this it 
suffices to show that n* does not appear as a distance in any triangle in Indeed, if {01,02,03} 
is a 3-point 77,1,-metric space and ^(01,02) = n*, then ^(02,03) -b ^(03, oi) > n*, and so (i(oi, 02) -b 
(7(02, as) + d{a5, oi) > 2n* = n -b 1. 

Part (6). Let d denote the path metric on PJj. Then Aut(r(() = Isom(r5}, d), and so we want to 
show Isom(r((,(i) has ample generics. Once again, we use the characterization in [8] discussed in 
Section [TJ Since the standard amalgamation of 77^*-metric spaces preserves the property of being 
J-^^-free, the Hrushovski property for implies weak amalgamation for for all m > 0, 

using the same argument as for ■ The joint embedding property for (fCn)^’^ is similarly 
straightforward. □ 


References 

[1] Gregory Cherlin, Two problems on homogeneous structures, revisited, Model Theoretic Meth¬ 
ods in Finite Combinatorics 558 (2011), 319-415. 

[2] Christian Delhomme, Clande Laflamme, Maurice Pouzet, and Norbert Sauer, Divisibility of 
countable metric spaces, European J. Combin. 28 (2007), no. 6, 1746-1769. 

[3] Bernhard Herwig, Extending partial isomorphisms on finite structures, Combinatorica 15 
(1995), no. 3, 365-371. 


13 





[4] _, Extending partial isomorphisms for the small index property of many to-categorical 

structures, Israel J. Math. 107 (1998), 93-123. 

[5] Bernhard Herwig and Daniel Lascar, Extending partial automorphisms and the profinite topol¬ 
ogy on free groups, Trans. Amer. Math. Soc. 352 (2000), no. 5, 1985-2021. 

[6] Wilfrid Hodges, Ian Hodkinson, Daniel Lascar, and Saharon Shelah, The small index property 
for oj-stable uj-categorical structures and for the random graph, J. London Math. Soc. (2) 48 
(1993), no. 2, 204-218. 

[7] Ehud Hrushovski, Expending partial isomorphisms of graphs, Combinatorica 12 (1992), no. 4, 
411-416. 

[8] A. S. Kechris and C. Rosendal, Turbulence, amalgamation, and generic automorphisms of 
homogeneous structures, Proc. Lond. Math. Soc. (3) 94 (2007), no. 2, 302-350. 

[9] P. Komjath, Some remarks on universal graphs, Discrete Math. 199 (1999), no. 1-3, 259-265. 

[10] Peter Komjath, Alan H. Mekler, and Janos Pach, Some universal graphs, Israel J. Math. 64 
(1988), no. 2, 158-168. 

[11] Maciej Malicki, Generic elements in isometry groups of Polish ultrametric spaces, Israel J. 
Math. 206 (2015), no. 1, 127-153. 

[12] Lionel Nguyen Van The, Structural Ramsey theory of metric spaces and topological dynamics 
of isometry groups, Mem. Amer. Math. Soc. 206 (2010), no. 968, x-|-140. 

[13] Marcin Sabok, Automatic continuity for isometry groups, arXiv:1312.5141 [math.LO], 2013. 

[14] Slawomir Solecki, Extending partial isometries, Israel J. Math. 150 (2005), 315-331. 


14 



